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LIMITING DISTRIBUTIONS OF NON-LINEAR VECTOR FUNCTIONS

OF STATIONARY GAUSSIAN PROCESSES
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Institute of Statistics
Academia Sinica
Taipei, Taiwan
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Center for Stochastic Processes
Department of Statistics
University of North Carolina
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' Abstract: Given a stationary Gaussian vector process (X Y ) m € Z, and two
! R TS SR
i real functions H(x) and K(x) we define @: An 2 H(X ) and Zg B 2 K(Y ).
‘ . ] - T : -
) where A» and B . are some appropriate constants. The joint limiting o
;'. Pof vl S : '
ép : distribution of (41-1 ZE) is investigated. It is shown that Z’Zand Z&‘,are

X K 5 t
Py Su- oo see P

i asymptotically independent when one of them satisfies a central limit theorem.

\ The application of this to the limiting distribution for a certain class of

non-linear infinite-coordinated functions of a Gaussian process is also

M discussed.

-

M,

;:* AMS 1980 subject classification: Primary 60F05, secondary 60G15.

. +Keywords, and phrases:"central limit theorem; non<“central limit theorem;

s . long+range dependence’, stationary Gaussian vector

] processes. ___
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Let (Xm.Yn). m € Z, be a sequence of stationary Gaussian vectors. Ve

[
.

D
.
’
-
.
~-

assumthatD(m=EYm=0.D(:=EYi=l.

)
: . '
5 ry(m) = EX X_ m| °. :
i B ()
‘ - :
~ 2 '
. rz(m) = EYoYm [m] . ™
X -
! as |m| »», and Z
‘ :
t ~P3 2
. r3(m) = EXoYm m o,
Iy "
N —34 M
5 r3(—m) =EY X ~“m ﬁ
' as m - ® where Bl. 32. 63 and 34 > 0. With their correlation functions
x assumed as above (Xm) and (Ym} are usually called processes with long-range J
N
g dependence if BI'B2 < 1. Let Gl(x) and Cz(x) be the spectral distributions of .
W :
. (Xm) and (Ym}. and let ZC and ZG be their corresponding random measures. "
¥ 1 2
" Since {(Xm.Ym)} is stationary there always exists a complex-valued function .
Iy 4
}? G4(x) such that &
X _ -imx y
::l r3(m) = Je dC3(x). Vm € Z. v
: ‘
[}
3 Since the matrix '
¢
::; G,(dx) Gy(dx) y
3 Gi(dx) G (dx) | k
R () Gy(ax)
\/ ’
\
- is positive definite, it follows that
D
.‘ 2 A
, (1) [c,(ax) 2 < 6, (ax)G,(dx). 3
>
5 Given two functions H(x) and K(x), satisfying EH(Xm) = EK(Ym) = 0, ]
o x
v B2(X ) < = :
) m .
4:, \
'.i t
", .l
o -
)
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2

and EK2(Ym) { ® and having their Hermite expansions as follows:

H(x) = I ¢ HJ(x) and K(x) = I d HJ(x)
J"Dl J

we define

n_,-1 0! n_g-1 ™! TR
22 =A"' 3 HX) and 20 =B IK(Y).
m=0 " m=0 i

It has been proved that with proper choice of the norming factors An and Bn.

then as n = ®, Z; and Z; have limiting distributions. When viﬂl <1, i=1,2,

the limiting distribution is non-Gaussian (unless Di=l) and can be represented '

by multiple Wiener integrals ([2]. [8]). When the limit law is non-Gaussian,. 1

- v -

. it is usually said that a non-central limit theorem (or NCLT) is satisfied. On )
E the other hand a central limit theorem (or CLT, i.e. the norming factor is nl/2 ;t
: and the limit law is Gaussian) will hold if uiﬁi > 1 [1]. The purpose of this éE
paper is to study the joint limiting distribution of (Z;. Z;). when, in :.
' particular, one component satisfies a CLT. An incomplete attempt at solving :
; the same problem had been made by Hsiao [4]. k‘
The reason we look into this problem is the following: Consider the ?;
i following square-integrable function L(*) (possibly infinite - coordinated) of Ei
: a stationary Gaussian process, defined by its Wiener—lt; expansion $
-
D. )

L = Ikl(fl) + Ikz(fz). 1<k <k

e

)
b
| where IJ(f) is the j-fold multiple Wiener integral with kernel f. Let ZE be A4

defined as

n _y D1 -1 bl
= C 3 I (Uof )+ C 3 I (Uof,)
ZL n o kl m 1 n o k2 m 2

f
W Sl (1 by Xu o T e i
" .’ ..‘ " .' .. :" ." ‘ '. '.' ..\.."'.“ 'a%, "'."l' » |'."'u.“t A “"o X l'..i‘- (N l'."l' HHY, I‘"C‘ ’ '“C“l.t Weatety) 'l~ ol’l.‘.‘.tgtz‘.:'o"‘t.“’ ":-‘. '.'4“‘
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4
where U is the m-step shift operator, {i.e. (Umof) (xl""'xk) = ]
exp(im(xl + ...+ xk))f(xl.....xk). Previous studies on the limit laws of Z{

!
are mainly directed to the cases where: both ZE and ZE sati{sfy efther a QT :

1 2 -

.Q

. ({1]. [3]) or a NCLT {7]. The case where one of ZE and ZE satisfies a QLT ’
1 2
and the other one satisfies a NCLT is still unclear. and the following two A
natural questions arise: Will the limit law (if it exists) Z: of ZE be still J
equal to the sum of the limit laws Z: and Z: of ZE and ZE ; and what is the .
1 2
relation between Z: and Z: . The main result of this paper, stated in the ¥,

]
Theorem, provides an answer to these questions. Suppose the underlying A
stationary Gaussian process for Zt exhibits long-range dependence. For a
certain class of functions L(+). by making use of the formula for the change N

'.
variables ([5]. p. 32) on the kernels f, and f,. we may obtain N

* A
n n. 3 4n 1 0ol ‘
(z, . ) =(C "~ Z (y). ¢ 2 l'lkz(x'))- 3
ZL1 ZL2 n 5 Hkl m n 0 m :
A
for some sequence of stationary Gaussian vectors (X&,Y;). m€Z " =" means
equal in distribution. Assume Cn = n1/2. Suppose ZE and ZE satisfy a CLT
1 2
and a NCLT respectively. If, furthermore, the conditions in the Theorem are
met by ((X&.YA)). then as a result of the Theorem, it follows that
$if wa fef o7 "
1 2 1 2 v
(1" means independent), i.e. the distribution function L(x) of Z: can be K
L)
. written as N
L(x) = Jf(x-y)dé(y/a). o> 0,
N
"

RO '-"-F\-f' e N A \‘P'&" .,‘.,__ _,“7"\
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4
for some distribution function F(y) and a standard Gaussian distribution &(y).

It should be pointed out that a NCLT with norming factor nl/z. such as for ZE .
2

is shown possible in [6]. A more detailed study of the situation where a (0T
and a NCLT jointly occur will appear in a subsequent paper by the authors. Now

we formulate our majin result:

Theorem. Assume DIBI <1« v2B2. When v, = 1 we also assume

1+ Bl
B=EBy3 AB, > —5

Then with A= n V12 fd B = 01’2 e 1 distrib ™ and 2o of
en with A =n and B = n the limiting distributions ZH an ZK o

Z; and ZE are independent.
Note that Z: is Gaussian by [1].

Throughout the rest of the paper we always assume ulﬂl < 1 and "232 > 1.

Later, in proving the Theorem, we shall only deal with the very special case

where H(x) and K(x) have the following one-term expansion

H(x) = H”l(X) and K(x) = Huz(x).

The reduction of H(x) to its first term is justified because when ”1”1 < 1 only
the first term is relevant to the distribution Z; [8]. In [1] it is made clear
that when v2ﬁ2 > 1 we need only to consider the K(x) with finfte expansion to
prove the central limit theorem. Though we prove the Theorem only for the K(x)
with one-term expansion, the arguments in the proof can be easily extended to
the finite expansion case.

The major tool we use to prove the Theorem is the so-called "diagram
formula” [5] on how to compute the expectation of a product of Hermite

polynomials of standard Gaussian random variables. Prior to giving the
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statement of the formula, we need some notations and definitions. Let a given
set of (0x + ...+ JP) vertices be arranged into p levels such that the i-th
level has ei vertices. A graph G is called a diagram of order (el.....ep) if
(1) each vertex is of degree one and (2) edges may pass only between different
) levels. By a regular diagram we mean a diagram whose edges do not pass between
levels in different pairs. For each edge w € C connecting the i-th and j-th

level, i ¢ j, define dl(') = { and d2(w) = J.

Lemma 1. (Diagram Formula) Let ('l"""p) be a Gaussian vector with EV‘ = 0.
EW? = 1, and EWiWJ = r(1,j). Then for the Hermite polynomials
H, (x).....H, (x). we have
2 e
1 P
P
E I He (W‘) i n r(d (w). d2(w))
i=1 i G weG
: where the sum runs through all the diagrams G of order (el ..... ep).

The following lemma is well-known and can be easily derived from Lemma 1.

Lemma 2. Given two r.v.'s Z and W with EZ = EW = O, E22 = af and EW2 = ag.

then Z and W are independent Gaussian r.v.'s if and only if for all &.m,

&' m! & m
o, 0, if £ and m are even
e/2+m/2(e/2)!(m/2)! 2

2 1

2% =

0 otherwise.

In the following "A" always denotes bounded Borel sets in R. Then because

r3(n) = J;-inxdc3(x). we have

(2 E|f(x)Z. (dx Z. (dx) = |£(x)g(x)dC
) fr0 o, ) [0 :, [ecagmade, 00
for f € L2(G1) and g € Lz(Gz). By Proposition 1 of [2] or similar arguments it
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can be proved that there exist C:(x) and G;(x) such that

B
(3.1) n lo (&) Xeakly, ¢%ax)
and
By -5(B,))
(3.2) n 2(log n) 2 Gy(2X) xeakly, GH(ax) .

as n - @, whereB;=32A1 and 6(x) =1 1f x=1, and = O if x # 1.

We shall need the following lemma to prove the Theorem. Recall that

B=B3 A B,-

Lemma 3. Assume  ( 1. There exists a function G;(x) of locally bounded

variation such that for each bounded Borel set A,

(4) 1im mP (log m) 2Plc (&) = (4.
3'm 3
m=—xo
»  J
Moroever G3 satisfies :‘;
»” yﬁ 7
65([0.y]) = &([-¥.0D) = ¥'D, 2
2
where D is some complex constant. v
3
Proof: It is sufficient to show that (4) holds for 4 = [0,y] or [-y.O]. N
b
Define LA
::'_'
X
1 isy .
F(x) =5 2 r(x)-re dy .
T )sln 3 %
for x € [-x,x]. Since each term in the above sum is bounded by C-Isl-ﬁ-1 for
some constant C. Fn(x) converges to G3(x) for all x. 1{.e.
1 ® eisx_e-isv
G,(x) = lim F_(x) = 5 r.(s)
3 neo D 2v gmtd 3 is
\v' \
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Let A = [0.y]. Define

Sp.y = " (og m P e ) 4 oy,

By G3(A) = G3(-A). Sm_y is equal to

_ L sin 2 y
S = % (log m) 5(B) E (r3(s)mB) ——_—él——ﬂ

m,y Smmto
which as m = @ tends to

y"RB if By # B

(4.1) lim Sm =
ny -
m— yﬁ2Rﬂ if B3 = 34.

lim (~log e)-b(ﬁ) f:x-p—lsin x dx. Similarly if we define
e-0

A

where Rﬁ =

c, , = wtioe m?Pe.d) - o, Yy

(1-cos E-y)

L eg ;PP s (r ()P

sS=—®

then we obtain
~iypIﬁ if By < B,

(4.2) Lin G, = iypIB if B, < By .
0 if By =

|
w
W

where Ip = % lim (-log e)-é(B) Jm x_B-l(l-cos x)dx. (4.1) and (4.2) imply
3 €
1im wP (log m) 2Pl (L%¥1 - vPp = Gi(f0.y]).
Mo

where
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prB if By = B,

D= yﬁ(nﬁ - 1152 if By < B,
yﬁ(RB + 415072 if B, < Py

Since the property G3(A) = G3(—A) is preserved by passing to the limit C;, we

have

¢3([-v.01) = ¥D.
The proof is completed. 8]
Assume B ¢ 1 again and observe that
P (log m) ) o (4|

6(B,)

B-(B,+B5)/2 5(B,)-5(B) B By -
<m 172 (log m) 2 [m 1Gl(%)m 2(log m) 2 Gz(%)]l/2.

Then we have an immediate corollary from (3.1), (3.2) and (4}:

(4.3) B2 (B, + By)/2.

When B > 1, then C3(dx) is absolutely continuous and its density is continuous.

Let G3(dx)=f(x)dx. Then

A
(4.4) lim mG,(2) = A(4) £(0) .
m mGy(2) = A(4) £(

where A is the Lebesgue measure. (4.3) is clearly satisfied for B > 1.
By (3.1),
1—31/2 A d
no o Zo (D) 22, ()
1 G1

as n -+ ® [2], where Z » 18 the random measure induced by G:(dx). Since the
G
1
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9
distribution of Z; can be represented by the vl-fold Wiener integral, we need

to show that for disjoint Ai's. i=1.2....,v1.
» »* »*
(ZG (Al).....ZG (Av N1 Zk .
1 1 1
which is in fact equivalent to showing for each 4,
» »*
(5) ZGI(A) 1 Zk .

It is not difficult to see that (5) is equivalent to

5.1 WA-I Gl P NN
(56.1) ()-AT—GI()Z,(-
It is mere technical convenience that leads us to replace Z *(A) by W(4).
Gl
Define
elX -1 1 "1 yjwm
(52) Kn(x) = 1x/n =;1- 2 e
(e ~ 1)n j=0
and
-(1-8,/2) n-1 ,
w)y=n ! 3 | ez, (ax)
n A G
j=0 ‘= 1
n
°(1’51/2) dx
= JA Kn(x) n ZGI(E-Q .

(3.1) and the fact that Kn(x) converges to (eix-l)/ix uniformly on every

bounded set imply
d
(6) ¥ (4) S ¥(a)

as n » @ [2]. If we can show
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i :
LA ~.
;:' 10 e
(1 R
. 1im E(W_(4))5 ()" 3
: i 3
&! m! !
é: 275 + m/2 —afag if € and m are even, N
¢ 2 (e72)! (m/2)!
» (7) = r
o 0 otherwise N
i EW>(4) = o° q
\ then by (6) and Lemma 2, (5.1) follows. Notice that (A) = o] and '
B
W *.2
4 Hy) = 3
4 .‘
, Proof of Theorem.
i. .:
. Given a fixed setting of vertices V = (1,...,1, Voo .u2) having as )
1 |
i
::: follows its configuration '.
i . q'
0 1
. 0 S g
R & < ¥
O . )
:’ L o y
" "
[00 ... 0 ‘
00...0 3
1 . . .
m q N
J "2 .
k 0
{ /
4 Define I' = the set of all regular diagrams of order V and r the complement of
' (]
3 I', i.e., the set of all non-regular diagrams of order V. Any subgraph of a
K- diagram is called a subdiagram if it is itself a diagram and is the union of "
18 et
: levels and the edges on the levels. Any diagram G € r'C can be partitioned into "
3 three disjoint subdiagrams VG 1 VG o and VG 3’ which are defined as follows. }-
! 2
{ A
' o
) §
14 !
b 0
1“ U
‘I
h 2.
:0 l:.
K :
:
"~ o~y BP0 AV A0 R S Y N
i "“‘:..‘A‘!' "I.?‘f.\ |‘. |"‘l\ R, 1’ 'l:“l‘.' ‘.‘l..\:..ﬂ.\!"ﬂ !";0. - :?“l_ .I Q" 'C...\g N, 0 'l" » :‘\ "l. ‘!':‘.\‘,‘e:“.', o 5‘ o :.‘.\A :l.’. _.\.:u_'::
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In the following E(G) denotes the set of all edges contained in the diagram G.

OXO*

11

the maximal subdiagram of G which is regular within ftself, and all its

edges satisfy 1 ¢ dl(') < d2(w) {eor &+1¢ dl(") < d2(w) $ &+ m.
the maximal subdiagram of G - CG 1 whose edges satisfy
2 +1¢ dl(w) < d2(w) $ & +m.

G- (Vg , UVe o)

For each subdiagram V, of G, 1=1,2.3, define

Wi

*
G,
(1
(2

.I

1
)
)

G.i

{j] the j-th level of V is in VG i).

={sevg,l 1< <o)
(JGV l8+1SJ<e+m)

Use Lemma 2 (Diagram Formula)

E(V ()% ()" = RACUROIS G CCalsih
2 n,2
+ 3 T E(W_(A o E(Z)
G€Fc[w€£(vc'i) (¥nl8) weE(V,, ;) (A
: -Ivg 5(2) 172 s iy .
Xin -
0¢p, <n-1 weE(V,; ,) "21Pd; (0)” Pdy(w)
3
1€V ,
: -IVg 5(2) 172 ] , )
Xl n r - e
0gp,<n-1 WEE(V, 5) 2P, () 7 Pdy(w)
1evz'3 dl(w)€VG'3(2)
“(16y72) E J Z.. (dx I Z.. (dx
* 'eg(vc 3) n ( A exp(ipdl(')x) Gl( ) exP(ipd2(')x) G2( )J
: = :
d; (w)evg 4(1)

l..

-----------
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X ~
'
: 12 ]
. P .
(8) =3+ 3 AU x AD x AD &
P el Ay x A3 ‘.'
!
)
K Since 3" converges to the right hand side of (7). it is sufficient to show ::.
i T - :,'«
1 4
: that for fixed G € I'C the second term of (8) vanishes. :::
3 []
(9) limA?xAExAQ:O. ]
K n=° e,
¢
4
Recall the definition of Wn(A). We have i
g 5
% B2 = o1 12 ad) = B "-
; (10) 2w = [ 1 P a0 = BR). 3
X '
' L}
] as n » ®, (10) and the central limit theorem for Z;: imply BA
’
Y
Vg (D2 5 IVg ()12 A
(11) lim A7 = (BW2(8)) ! (o2 ¢! : o
n—wo a
.Q
. ]
. 2 .
Using (2) and (5.2). we can rewrite ::\'
: o
Iy}
N o-lvg 5(2)172
! (12) Ay =n ’ 3 o r2(p ~ Py (w)) . o
. 0¢p.<n-1 w€E(VG.3) dl(w) 2 Y
X €V, .(2) ” )
{ G.3 d, (w)€vg 4(2) 3
X ,
), - .
| Pd;(e) T Pay(e) 3
-(1-8,72) [ n oo »
3 . I [ = n J e dG3(;)]. ;‘
2 o] -1 A RE
: e€E(Vg 5) P (e)f"
§ ¢ A"
d, (e)evg (1) 5
2% | |;
: Fix p,. 1€ VG'3(2). and e € E(VG.B) with dl(e) < &, we obtain as a result of ‘}
(4) in Lemma 3 (or (4.4) {f B > 1) an asymptotic bound for the second summation :
: hi¢
(denoted by 2:) tn (12). In the following a = B A 1. ;
) :
) !.\
¢
: ne
:
[
ty -..
1 .‘
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13
(B,-2a)/2
2: =n 1 (log n)a(B) WL o 3 Sn-lex;:»(ipdl(e)x/n) . %] .
Pa,(e)
B . exp(-ipdz(e)x/n) . na(log n)-b(ﬂ)dc3(§).
’ (B,-2a)/2 ix _
T s v N EAOTI}

If B {1, then

]
(13) B, - 21 < By - 2B & By <O,

where we make use of the fact that B 2 (Bl + B;)/2 derived right after Lemma 3.

If B > 1, clearly (13) still holds. By (13) it follows that

(13.1) ¥ = o(1).
n
4
Define
k(i) = the number of edges w satisfying dl(w) = 1i.

and

the number of vertices in the i-th level not connecting any of the

g(i)

first & levels.

We firstly assume that vy > 1. By the similar argument employed to prove

Proposition in [1], we can develop the following facts:

(14) lim Ag =0
N
r if VG 2 is nonempty. And secondly an asymptotic bound as (17) can be obtained

for the first summation in (12) if VG 3 # é.
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14 %
o

a = 3 o [ro(p -p ) | R
' o¢p, <n-1 weE(V,, 2) 274, (w)  Tdy(w) 4

(15) 16V, 4(2) d(w)eV 4(2) y

; ,
] T
) Ve (@) - = k(1) (]
G.3 » g(1) W

i(—:VG 3(2) )
= O(n ' ) b
Note that the a given above is well-defined because it is assumed that u2>1. ;r

As shown in (2.20) in [1] we have the following inequality 5"

&
k(1) 1 |* P
| (16) 2 20 2 3 Ve.a@1 - o
: i€V, .(2) )
G,3 .',:
.l,"
{(15) and (16) imply that e

] >
» (Y

X 7 IVG_3(2) |72 '
(17) a = O(n Q

\ \

| Then (12). (13.1) and (17) imply e
| &
e

V3 5D 2

G.3 B,

A3 = (o(1)) :

. »

| Hence if IVG.B(IH > 0 (because Vi 3 # ¢), then ot
'-; X
. (18) :‘_1: Ag =0 . o::;'.
[ d

3
For any non-regular diagram G € rc is 2 > 1 then its subdiagrams VG P and Vc 3 :::.
v * 1‘“\"
can not be empty at the same time. that is either (14) or (18) must hold. "‘
b

Hence (9) is true. »
VR
n

When vy = 1, then VG.2 is empty. i.e. A2 is absent. Thus in order to !
assure (9) we have to show (18). Also note that when v, = 1 the first product LY\
5

in (12) no longer exists. Rewrite Ag given in (12) in a more simplified form

and apply to it the result of Lemma 3. We have

o

[ ]

bt
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(51*1)/2‘0 5(B)

Ag = I n (log n)
w€E(VG.3)
-9
. 1
-l 2 exp(ipy , %/n) + ] -

. A ngdl(w)gn—l 1
! [ = exp(-~ip x/n) lﬂ n®(log n)—b(ﬁ)dc (i)
] d (w) n 3'n
K 0<p <{n-1 2
z dy(w)
b
)
« =o(n ! (tog mP[ | ==L 2 jacia ).
!
3
3
N By the assumption of the Theorem, when v, = 1,
o B, +1 B, +1
: L—<p=>t—-aco
: 2
‘ => lim A3 = 0
‘ n@

]
: The proof is completed. a
¢
1
i
W
!l
k)
1
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)
\
}
I
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